ABSTRACT
INTRODUCTION

24
Fractional differential equations are generalizations of classical differential equations of 25 integer order. In recent years, nonlinear fractional differential equations (FDEs) have gained 26 considerable interest. It is caused by the development of the theory of fractional calculus 27 itself but also by the applications of such constructions in various sciences such as physics, 28 engineering, biology and others areas [1] [2] [3] [4] [5] [6] [7] . Among the investigations for fractional 29 differential equations, research for seeking exact solutions is an important topic as well as 30 applying them to practical problems [8] [9] [10] [11] [12] [13] . Many powerful and efficient methods have been 31
proposed to obtain numerical solutions and exact solutions of FDEs. For example, the finite 32 difference method [14] , the finite element method [15, 16] 
DESCRIPTION OF THE FRACTIONAL SUB-EQUATION METHOD AND ITS
83
APPLICATIONS TO THE SPACE-TIME FRACTIONAL DIFFERENTIAL
84
EQUATIONS
86
In this section we present the main ideas of the fractional sub-equation method. This method 87 considers the Jumarie's modified Riemann-Liouville fractional derivative of order a [36, 37] :
Some properties for the proposed modified Riemann-Liouville derivative are [36, 37] : 92
.
The above properties play an important role in the fractional sub-equation method. The main 95 steps of this method are described as follows [34,38,39]: 96 97
Step 1: Suppose that a nonlinear FPDE, say in two independent variables, is given by: 98 u(x,t) is an unknown function, P is a polynomial in u and its various partial derivatives in 101 which the highest order derivatives and nonlinear terms are involved.
102
Step 2: By using the traveling wave transformation 103
where k and c are constants to be determined later, the FPDE (5) is reduced to the following 105 nonlinear fractional ordinary differential equation for u(
Step 3: We suppose that Eq. (7) has the following solution: 108
where a i (i=0,1,2,…,n) are constants to be determined later, n is a positive integer 110 determined by balancing the highest order derivatives and nonlinear terms in Eq. 
where the generalized hyperbolic and trigonometric functions are defined as: 119 120
where E  (z) is the Mittag-Leffler function, given as: 122
Step 4: Substituting Eq. (8) into Eq. (7) taking into account Eq. (9) and the properties of the 124
Jumarie's modified Riemann-Liouville derivative, Eq. (7) is converted to a polynomial in  i () 125 (i=0,1,2,…). Equating each coefficient of this polynomial to zero, yields a set of algebraic 126 equations for a i (i=0,1,2,…), k and c.
127
Step 5: Solving the equations system in Step 4, and by using the solutions Eq. (10) 
FRACTIONAL SUB-EQUATION METHOD APPLIED TO THE KDV AND MKDV
134
COUPLED EQUATIONS
136
In this section we apply the fractional sub-equation method to construct the exact solutions 137 for space-time fractional Hirota-Satsuma coupled KdV equation (1) 3 .
We suppose that Eq. (13) has the following formal solution: 147 148 
where m max = n max = l max =2 and the second ansätz is given by: 154 
(
19) 161
Now by setting the coefficients of  i (i=0,1,2,3) to zero, we obtain a set of algebraic 163 equations for u i , v i , w i (i=0,1,2), k and c: 164 
26) 182
We note that the solutions (24) and (26) 3  2  3  2  2   3  3  2  2   3  3  3  3  2  2  3  3  3  3 , Eq. (27) we obtain the following algebraic system equations: 202
Now by setting the coefficients of  i (i=0,1,2,3) to zero, we obtain a set of algebraic 205 equations for u i ( i=0,1 ), v j ( j=0,1,2 ) , k and c: 206 known. However, for the mKdV system, we found new exact solutions with important 306 differences compared with the solutions obtained before [41] . We have confirmed the 307 accuracy of the mKdV solutions here presented by using a symbolic code in Mathematica, 308
for the special case when the fractional-order parameter for the mKdV coupled FPDE 309 reaches its integer limit. These new exact solutions can be very useful as a starting point of 310
comparison when some approximated methods are applied to the mKdV equation [46] [47] [48] [49] .
311
The present work demonstrates the wider applicability of the sub-equation method to 312 nonlinear fractional coupled partial differential equations in mathematical physics. 313 314
